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In this paper we introduce the concept of piecewise domain. This concept 
extends and unifies well-known theorems on hereditary noetherian and semi- 
primary rings. Our results are perhaps noteworthy in the light that rings of 
the sort we study here need not have finite global dimension and, less trivially, 
may possess infinite sets of orthogonal idempotents. Briefly, a piecewise 
domain is simply a ring R with a complete set e, ,..., e, of orthogonal idem- 
potents such that every nonzero element of Hom,(e,R, e,R) is a mono- 
morphism (a property shared by hereditary rings). 
Section 1 gives a general structure theory for piecewise domains. As a 
special case, theorems of Levy [7] and Small [13] are obtained. (The theorems 
we refer to are conveniently lumped together in a stronger version due to 
Michler [9]: A right noetherian, right hereditary ring is a split extension of a 
nilpotent ring by a finite direct product of prime right hereditary, right 
noetherian rings.) It is perhaps of interest to note that these authors’ methods 
relied on the existence of artinian classical quotient rings. 
The central feature of the structure theory is that piecewise domains are 
triangular. This generalizes work of Chase [2] on semiprimary rings all of 
whose factor rings have finite global dimension as well as Michler’s more 
recent extension [8] to one-sided perfect rings. We obtain that a piecewise 
domain has finite right global dimension if and only if the same is true modulo 
the prime radical. (In fact, for a much more general class of triangular rings 
it is true that if every factor ring modulo the prime radical has finite right 
global dimension, then every factor ring has finite right global dimension. 
We do not prove this here, however.) Furthermore, every nil one-sided ideal in 
a piecewise domain is nilpotent, generalizing a result of Small [14, Corollary 11. 
* Some of the research on this paper was done by Gordon while he was a visiting 
lecturer at the University of Wisconsin. 
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In Section 2, among other things we show that every piecewise domain can 
be built up from a semiprime piecewise domain by a tower of split extensions 
of rings of index of nilpotence two. This may be of some use in studying 
classical quotient ring problems (e.g., their existence) and appears to have 
gone unnoticed even for artinian hereditary rings. 
Section 3 is devoted to characterizing a class of prime piecewise domains. 
This class of rings, although possessing no chain conditions, happens to 
contain the noetherian hereditary semiperfect prime rings recently character- 
ized by Michler [9, Theorem 6.11. 
In the final section, as an application of the general theory of piecewise 
domains, we prove that a right finite dimensional right semihereditary ring 
has a classical ring of right quotients which is right artinian. We also give an 
example which shows that this theorem does not remain valid if “right 
semihereditary ” is replaced by “principal right ideals projective.” 
I. THE STRUCTURE OF PIECEWISE DOMAINS 
A ring is said to have enough idempotents if it has a complete set of orthogonal 
primitive idempotents. A ring R is called a PWD (piecewise domain) if it 
possesses a complete set (eJF=r of orthogonal idempotents such that xy = 0 
implies x = 0 or y = 0 whenever x E eiRe,< and y E e,Rej . Note that the 
definition is left-right symmetric. Also, since each eiRe, is a domain, any 
PWD has enough idempotents. 
Question. Can a PWD R possess a complete set { fi}zl of primitive ortho- 
gonal idempotents for which it is not true that xy = 0 implies x = 0 or 
y = 0 for some x E fiRfk and y E fkRfj ? 
To avoid ambiguity, we sometimes say that R is a PWD with respect to 
{e,}. With this convention in mind, we have the following equivalent state- 
ments: 
1. R is a PWD with respect to the complete set of orthogonal idem- 
potents {ei}L1 . 
2. Every nonzero element of Hom,(e,R, ejR) is a monomorphism, for 
1 <i,j<n. 
3. Every nonzero element of Hom,(eiR, R) is a monomorphism, for 
all i. 
Some classes of rings which are PWD’s: 
(a) The ring of n x n matrices over a PWD (e.g., over a domain); 
(b) the ring of polynomials over a PWD; 
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(c) any ring with principal right ideals projective and enough idem- 
potents; 
(d) a ring with zero right singular ideal which is a direct sum of uniform 
right ideals. 
(a) and (b) are routine calculations. (c) follows from the fact that a nonzero 
homomorphism from a cyclic indecomposable module into a ring with 
principal right ideals projective is a monomorphism, and (d) follows since a 
nonzero homomorphism from a module into a module with zero singular 
submodule has nonessential kernel. 
It is easy to give examples of PWD’s which do not have principal right 
ideals projective: Let R be any PWD which is not right semihereditary. 
(E.g., Z[X].) Then, for some n, R, is a PWD which does not have principal 
right ideals projective. (For the particular example R = Z[x], R, does not 
have principal left ideals projective, either.) See [14, Proposition and Theo- 
rem 11. 
Similarly, if R is a ring with principal right ideals projective and enough 
idempotents, then R[x], although a PWD, need not have principal right ideals 
projective. 
In another direction, Skornyakov [IO] has given an example of a ring with 
principal right ideals projective and enough idempotents which has infinite 
sets of orthogonal idempotents. 
We now prove our principal result on the structure of PWD’s. 
MAIN THEOREM. If R is a PWD, then 
R= 
where each Pi is a prime PWD and each Pii a Pi - Pi bimodule. Further, 
where each Dj is a domain and each D*, is isomorphic a-s a right D,-module to a 
mmxro right ideal in D, and as a left Dj-module to a nonzero left ideal in Dj . 
The integer r and the rings Pi are uniquely determined by R. 
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Boof. Let e, ,..., eR be a complete set of orthogonal idempotents with 
respect to which R is a PWD. We write i --c j if e,Rej # 0 and ejReL + 0. It is 
easy to check that b is an equivalence relation on [I,..., n>. Let the equivalence 
classes be C, ,..., C,. and set fi = CjGc6 e, Then fi ,..., f,. form a complete 
set of orthogonal idempotents in R. 
If fiRfj f 0, we claim that e,Re, # 0 for any p E Ci and q E Cj . Indeed, if 
f,Rf, # 0, then e,Re, i. 0 for some s E Ci and f E Ci . So since R is a PWD, 
we have 0 # e,Re,Re,Re, Lm e,Re, for p E Ci and q E Cj . 
The preceding paragraph shows that the relation p on {I,..., Y) defined by 
ipj if fjRfj #- 0 is a partial ordering (reflexive, antisymmetric and transitive). 
But then p can be extended to a total ordering of I,..., r. Thus to complete the 
proof of the theorem it is enough to show that each ring Pi = fiRfi is prime. 
To do this it suffices that R is prime in the special case where e,Rej f 0 for 
1 i, j *: n: Let P and Q be nonzero ideals in R. Then there exist indices 
i, p, 9, j such that e,Pe,, f 0 and e,Qei #- 0. Thus 0 ;t eiPe,Re,Qei C Pp. 
Finally, ifs is any nonzcro element of ejRei , then e,Rej is isomorphic as a 
right ejRej-module to the nonzero right ideal xe,Rej of ejRej 
PROPOSITION. If K is a PIVD, then enery nil one-sided ideal of R is nilpotent. 
Proof. Let Q be a nil right ideal of R and let e, ,..., e, be as in the fore- 
going. A simple calculation shows that e,Qei is a nil right ideal of eiRei . So 
eiQei = 0, for every Z. ‘rhus e,Q + ... -1 e,Q, as a finite sum of nilpotent 
right ideals of R, is nilpotent. But Q C e,Q --I- ... + e,Q. 
Remark. The same sort of argument shows that “cvcry nil right ideal is 
nilpotent ” is a Morita-invariant. 
In what follows, 3 denotes the prime radical of R and Z(S) the left anni- 
hilator of a subset S of R. 
COROLLARY 1. If R is a PWD with R/N prime, then R is prime. 
COROLLARY 2. If R is a PWD, then so are R/N and R/l(N) n N. 
Proof. That R/N is a P\VD is obvious from the theorem. To prove the 
statement for R/l(N) n N, let N t eiRe, and y E e,Rej with xy E 1(N) n N. 
If y $ Z(N), then yNe, # 0 for some index p. Since R is a PWD, KyNe, # 0 
follows. This contradiction shows y E Z(N). If y E N, we are done. So assume 
that y $ N. Then, since R/N is a PWD and xy E N, x E N. 
Suppose that x $ Z(N). Then there is an index 4 such that eJVe, # 0. Since 
y $ N, we have in particular that e,cRe, $ N. It follows from the Main Theo- 
rem that e$Re,. f 0. So 0 & e,yejRe,Ne, C yN = 0 and the assumption 
Y 6 Z(N) is false. 
PIECEWISE DOMAlNS 557 
COROLLARY 3. A semiprime PWD is ajinite direct product of prime PWD’s. 
In particular, an indecomposable s miprime PWD is prime. 
COROLLARY 4. If R is a PWD, then R is a split extension of a ni2potent ring by 
a semiprime PWD which is uniquely determined up to an inner automorphism of R. 
Proof. The existence is immediate. The uniqueness follows from [I, 
Theorem 31. See also [9, Theorem 2.21. 
In Section 2 we will show that a PWD R is also a split extension of 
Z(N(R)) n N(R). So if R is any ring with enough idempotents, one may 
replace PWD in all of the above by, respectively, right hereditary, right 
semihereditary, or principal right ideals projective according to the following. 
LEMMA. Let R be a split extension of a ring I by a ring S and suppose that 
every right ideal of R with x generators is projective. Then every right ideal of S 
with x generators is projective. 
Proof. Let Q be a right ideal in S. Then QR is a right ideal in R with the 
same number of generators as Q. Assuming QR is R-projective, QR/QI is 
R/I-projective. One checks that the natural action of R/I on QR/QI is the same 
as the natural action of S. Therefore QR/QI is S-projective. But QR = Q @ QI 
as S-modules. So QRlQI E Q as S-modules. 
Remark. The preceding considerations show that even for right hereditary 
rings Corollaries 2-4 are generalizations of theorems of Levy [7, Theorem 
4.31, Michler [9, Theorem 2.21, and Small [13, Theorem 41. 
COROLLARY 5. If R is a PWD, then R has Jinite right global dimension if 
and only if R/N has finite right global dimension. 
Proof. RGD R/N < 03 is an easy consequence of RGD R < a and the 
structure theorem according to Fields [6, Corollary 51. 
Conversely assume RGD R/N < co. We use induction on the number of 
prime components of R/N. If R/N is prime, the result is trivial by Corollary 1. 
If R/N is not prime, we may write R = [f g] where A and B are PWD’s, 
A is prime, and C is an A-B bimodule. Since RGD B/N(B) < oc), 
RGD B < 00 by induction. So PD,C < co implying RGD R < 0~) again 
by [6, Cor. 51. 
2. SPLIT EXTENSIONS 
We first record some general facts about split extensions: 
LEMMA 1. If S is a unitary subring of a ring R and M is a right R-module, 
then PD, M < PD, M + RPD, R. 
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Proof. Standard homological methods. 
PROPOSITION 1. Let R be a split e.ytension of a ring I by a ring S. Then the 
following statements hold. 
(1) RGD S :;; RGD R + RPD, R. 
(2) If I is a finitely generated projective right S-module, then 
(a) R is a (unitary) subring of a ring Morita-equivalent to S; 
(b) if S has finite right Goldie dimension, then R has finite right Goldie 
dimension ; 
d7rensic) if R has $nite left G Id’ d’ o ze zmension, then S has finite left Goldie 
1 
Proof. (1) is clear by the lemma. In (2), observe that rR, where 
II’ : End, R 2 R defines a Morita-context. So (b) and (c) follow from the 
usual lattice isomorphisms together with the easily verified fact that “finite 
Goldie dimension” is a Morita-invariant. 
Remarks. Of course, in the context of (2) above, (b) and (c) are just a 
sample of what can be said. One ought to perhaps note the following, how- 
ever: If R is a PWD and S is semiprime with finite right Goldie dimension, 
then R cannot be an essential right R-submodule of the ring T ~- End, R 
(Morita-equivalent to S) unless S = R. For since R has finite right dimen- 
sion, R and T have the same right dimension. This is also the dimension of R 
as a right S-module. But, since R is a PWD, it is not hard to see that the 
dimension of R, is strictly bigger than the dimension of R, unless S = R. 
The next lemma produces the tower of split extensions mentioned in the 
introduction. 
LEMMA 2. Let R be a PWD and { .fi ,..., f?} be a complete set of orthogonal 
idempotents of R which are centrally primitive mod N(R). Then for a left ideal P 
qf R, l(P) -== CfjP=,, Rf] . In particular, if P is two-sided, then 
l(P) n P = PI(P) = C Pfj . 
f,P=O 
Proof. It follows from a result of Azumaya [l, Theorem 31 that no 
generality is lost in assuming thef,‘s are as constructed in the proof of the 
structure theorem. We assumef,P f O,..., fpP f- 0 butf,+,P-= ... 7: f?P = 0. 
Then Rf,,, + ... + Rf,Cl(P). 
Suppose l(P)f, # 0, for some k with 1 < k <p. In the notation of the 
proof of the Main Theorem there exists j E C, with l(P) ej # 0. ejP # 0 is a 
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consequence of fkP # 0. So Z(P) e,P # 0 against Z(P) eiP C Z(P) P = 0. Thus 
Z(P)f, = 0, 1 < k < p. We have 
z(P) = Z(P)f,, + e-0 + Z(P)fc C %+I + ... + Rfr C Z(P). 
To prove the last statement of the lemma, it is enough to show that x E PZ(P) 
for x E Z(P) n P. But such x may be written 
x = c Yj fi; 
f,P=O 
rj E R. 
If fiP = 0, then 
yifi = ( C 
fjP=O 
rj fj) fi = Xfi E PI(P). 
so x E PI(P). 
COROLLARY 1. Let R be a PWD and suppose that the index of nilpotence 
of N(R) is p. Then there exists a chain R = So 3 S, 3 ... 3 S,, N R/N(R) of 
(unitary) subrings Si of R such that Siel is a split extension of Tl(Si-# by Si , 
for 1 <i<p- 1. Inparticular, &-R/T,(R), 1 <i<p- 1. 
Proof. Using the structure theorem, we may write 
TdR) = c f,NWh = C f&fj. 
f& 
i#i 
fiN-0 
Set 
sl = 2 fiRf i- C fiRfj . 
ffN=O 
fjZO 
Clearly R = S, + T,(R) and S, n T,(R) = 0. A calculation shows Sra c S, 
-i.e., R is a split extension of T,(R) by the ring S, . But S, is a PWD 
according to Corollary 2 of the preceding section. Since T,,-,(R) = N(R), a 
trivial induction finishes the proof. 
COROLLARY 2. In the notation of the preceding corollary, if N(R) is left 
R-projective, then Sj is left &-projective whenever j > i. Furthermore, this 
may be stated with projective replaced by either jlat or finitely generated. 
Proof. As perhaps the slightly more difficult case, we prove the corollary 
for .N(R) flat: RTl(R), as a direct summand of ,N(R) by Lemma 2, is flat. 
1 We are using the notation of [l 1, Def. 2.61. 
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So, since T12 = 0, 1; z R/T, OR TI as left &-modules and S1R is flat. But 
:V(S,) + TI is a nilpotent semiprime ideal of R. That is, N(R) =:= N(S,) @ TI 
as left S,-mod&s. Therefore, since sIIV(R) N R/T1 OR N(R) is flat, 
,lN(S,) is flat. But S’r is a PWD. So we can repeat the above argument 
obtaining s,S1 flat. 
For any right &,-module d, one has /f as,, R ‘v A OS, S, asI R as 
abelian groups. Thus it follows that s, R is flat, and so on. 
We remark that Corollary 2 impliesLin particular that if R is a PWD with 
&(R) finitely generated projective, then RIN(RjR is finitely generated project- 
ive. Thus the corollary is an extension of part of a theorem of Michler [9, 
Theorem 2.21. A different method yields a somewhat more profound general- 
ization: 
PROPOSITION 2. lf R is a PWD, then PD,,, R .< Y PD, LV where Y is the 
uniquely determined integer of the IMain Theorem. 
Proof. Write R = [t ,“I where A and B are PWD’s, il is prime, and C is 
an iii - B bimodule. B is a split extension of N(B) by a semiprime PWD S(B). 
We have 
PD,,,v R := max(PD,,,v C, PD,,, N(B)} 
~~~ max{PDs(B) C, PDsm N(B)1 < PDB C t PD,(B) B 
by Lemma 1. But PD, N = max{PD, C, PD, N(B)}. So, by induction, 
PD, 1,s R ::< PD, N + (Y - 1) PD, 1V = Y PD, N. 
Remarks. (1) If -Vi = 0, we can replace Y by 1 in Proposition 2. 
(2) For any PWD R, 
RGD R/N 5: RGD R :< RGD R/N f RPD, N T I 
(see CW 
3. A CLASS OF PRIh'IE PWD’s 
We see from Section 1 (especially Corollary 4) that, in some sense, in order 
to classify all PWD’s it is sufficient to classify prime PWD’s. We have been 
able to obtain one such classification theorem. 
THEOREM. Let R be a prime PWD with respect to a complete set of orthogonal 
idempotents {ei}yzI satisfying 
(1) e,Re,_, is a cyclic left e,Rei-module, for 2 < i < n; 
(2) eiRe,Rej = eiRej for i > k > j. 
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Then there exist domains D, ,..., D, and n(n - 1)/2 nonzero additive 
subgroups Iij of D, such that 
where 
(a) D,CD,C .‘. C D, as subrings, 
(b) lrj C lazi C ... C1+r,j are right ideals in Di, for 2 <j < n, 
(c) Ii, c Ii,+1 c ... C li,i+i are left ideals in Di , 1 < i < n - 1, 
(d) likl,j C Iii if i < k < j. 
Conversely, any matrix ring as just described is a prime PWD satisfying 
the hypothesis of the theorem. 
Proof. Set e,Re,-, = e,Reixipl . Using (2), a simple calculation shows that 
e,Rei = eiReixi-,xi-, ... xi for i > j. In particular, setting 
zi = X,X,-I ... xi (x, = 4, 
we have e,Rei = e,Re,q . 
For each pair of indices i, j, define a map qij : eiRej + e,Re, by ziaij = aijzj, 
a,$ E eiRej and aii E e,Re, . Since R is a PWD, each yii is a well-deiined 
monomorphism of abelian groups. Furthermore, it is clear that the diagrams 
commute, for all i, k, j. Thus R is isomorphic as a ring to 
Observe that z,x,,x+ ... xj = xj , whenever i > j. This implies that 
9kdxi-1 ... xj) = e, , and so im vii = im ~~~ (i > j). 
The representation part of the theorem follows upon setting 
1 D i9 im 9% = Iii , if i>j if i<j. 
The converse is obvious. 
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As an application of the theorem, we give a sketch of how Michler’s 
characterization [9, Theorem 6.11 of hereditary noetherian prime semi- 
perfect rings could be obtained from it: Let R be such a ring with nonzero 
Jacobson radical J and a complete set of orthogonal primitive idempotents 
e 1 ,.,., en . Without loss of generality R is reduced (i.e., basic). Then there 
exists a map 0 from {l,..., n} into itself defined by Jei E Re,(,) But R/J” is 
manifestly a QR ring. So, from n’akayama’s characterization of QF rings, 0 is a 
permutation. It is known [5, Theorem 4.13 and Lemma 4.11 that &,, J” = 0 
(which, in the case at hand, can be verified by direct computation). One sees 
easily from this that R/J2 is indecomposable. (We owe this observation to 
K. R. Fuller.) It follows that B is an n-cycle. Renumber so that 0(i) = i + 1, 
1 -< i .< n - 1, Q(n) = 1. Then one readily verifies that the hypothesis of 
our theorem on prime PWD’s is satisfied. 
4. SEMIHEREDITARY RINGS 
We first give an example of a ring with principal right ideals projective and 
finite right Goldie dimension which is not a right order in a right artinian 
ring: Let A be a free associative algebra on two generators over a field. 
According to P. M. Cohn [4, p. 68, Corollary 21 A is a two-sided fir. Cohn 
(among others) has also shown [3, p. 5241 that A imbeds in a division ring, 
say, D. Let R be the ring [f g]. I . t is not hard to list the right ideals of R. 
This done, we see that R is a right (but not a left) Goldie ring with principal 
right (and therefore left [14]) ideals projective. But, since iz is not right Ore 
[4, Theorem 2.31, R/N(R) is not right Goldie. 
We next give a direct proof of the fact that R is neither left nor right 
semihereditary. One reason for our doing so is that the proof we have in mind 
shows Michler’s remark [9, p. 3291 about split extensions by hereditary rings 
to be false for rings which are not noetherian. 
Thus assume that R is one-sided semihereditary. It follows that N is left 
R-flat. (We note in passing that R is a finitely generated projective right 
R/N-module.) Then, for any right ideal X of R, TorDR(X, R/N) = 0, all 
p > 0. But it is easy to check that XjXN is right R/N-projective. So R is 
right hereditary [15, Lemma 11. This implies R is right noetherian (by 
Albrecht’s Theorem), an absurdity. (In fact, R has right and left global 
dimension two.) 
Remarks. (1) The ring of the preceding example fails to be an order in 
an artinian ring only because it is not right Goldie modulo its prime radical: 
If R is a ring with principal right ideals projective such that R is a finitely 
generated projective right R/N-module and R/N is right Goldie, then R is a 
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right order in a right artinian ring. (To see this, apply Corollary 1 and 
Proposition 1 of Section 2 and use Small’s characterization [12, Theorem C] 
of orders in artinian rings.) 
(2) The right semihereditary ring R = [g i] is a right order in a right 
artinian ring for which R,,, is not finitely generated (and therefore not 
projective). 
Indeed, apropos the above remarks, we can prove 
THEOREM. A necessary and suj%ent condition for a right semihereditary 
ring R to be a right order in a right artinian ring is for R to have finite right 
Goldie dimension. 
Proof. It is well known that a one-sided semihereditary ring has weak 
global dimension at most one. In particular, N(R) is left R-flat. We use the 
notation of Corollary 1, Section 2: Let {Qasa be a direct family of nonzero 
right ideals of Si . By Corollary 2, Section 2, R is a flat left &-module. So 
canonically as right R-modules. Therefore, {I,R},,, is a direct family of 
nonzero right ideals of R. This shows that R/T,(R) has finite right Goldie 
dimension, for all i (recalling that Si N R/T,(R)). By Corollary 1, Section 2 
and the lemma of Section 1, each ring R/T,(R) is right semihereditary. Then, 
according to [ 14, Corollary I], each is right Goldie. 
Since R is right semihereditary, the right annihilator of any element of R 
is a principal right ideal generated by an idempotent and R has zero right 
singular ideal. Hence it is clear that the regularity condition holds in R. 
Furthermore, N(R) is nilpotent. (For example by the proposition in Sec- 
tion 1.) 
We have verified the conditions of [12, Theorem C]. R is a right order in a 
right artinian ring. 
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